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VLADIMIR GEORGIEV AND MIRKO TARULLI 

Abstract. We consider some scale invariant generalizations of the smoothing 
estimates for the free Schrodnger equation obtained by Kenig, Ponce and Vega 
in 1211 . 1221 . Applying these estimates and using appropriate commutator 
estimates, we obtain similar scale invariant smoothing estimates for perturbed 
Schrodnger equation with small magnetic potential. 



1. Introduction 

In this work we study smoothing properties of the Schrodinger equation with 
magnetic potential 

A= (Ai(t,a?),-.- ,A n (t,x)), xeW' 1 . 

Here Aj(t, x), j = 1, • • • , n, are real valued functions, n > 3 and the corresponding 
Cauchy problem for Schrodinger equation has the form 

(d t u - iA A u = F, t£R, xe W 1 
\u(0,x)=f(x), 

where 

n 

(1.2) A A = Y,(d X] -iA J )(d Xj -iA J ). 

i=i 

The energy type estimates and well - posedness of the Cauchy problem i|l.l|) in 
energy space are studied in the works and ^1] of Doi. 

Since the smoothing properties of this evolution problem are closely connected 
with suitable resolvent estimates for the solution U = U{x) of the elliptic problem 

(1.3) (eU-iA A U-irU = H, e>0,r>0, x e 1", H = H(x), 

we can use as a starting point the scale invariant smoothing estimate obtained in 
the works of Kenig, Ponce, Vega |22 an d Pertham, Vega [22 • This estimate extends 
earlier works of Agmon, Hormander [2] and P. Constantin and J.-C. Saut [B]. 
The scale invariant estimate for l|1.3|l with A = has the form 

(1.4) \\\V X U\\\<CN(H), 
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where C > is independent of e > 0, r > 0, 

|||G||| 2 = supi / \G(y)\ 2 dy 

R>0 u J\x\<R 
is the Morrcy - Campanato norm, while 

N(H) = ^2 % \\H\\L 3 (2 k - 1 <\x\<2 h + 1 )- 

feGZ 

From this estimate one can use the simple estimate 

su P 2- fe / 2 ||G|| i2(2fc - 1 <| ;c |< 2fc+1) <C|||G||| 
fcez 

and derive the following smoothing scale invariant estimate for the solution u{t, x) 
to UTTJ with A = and / = 

2 



(1.5) / fsu P 2 fe/2 |[V,ii(t,-)|| i 2 (2 ,-i<| :c |< 2 , + i ) ) dt< 

' / 2 k ^ 2 \\F(t, •)lli 2 (2 fc - 1 <|x|<2 fc + 1 ) dt. 

jR VfcGZ / 



2 

/ TED \ ' 

Our purpose in this work is to derive similar scale invariant smoothing estimates for 
the case of magnetic potential imposing scale invariant smallness assumptions on 
the magnetic potential A{x). The reason why we treat only small magnetic potential 
is connected with the necessity to avoid resonances phenomena ( see ^UJ: [T2|. |23| . 
|24j . |26| . |28| . |32j . [HH]). The absence of eigenvalues of A a with magnetic potential 
decaying as ( 1 —I- 1 a? | ) 1 ^ is discussed in |7j. However, even the remarkable result in 
[7j can not guarantee that is not an eigenvalue of the Hamiltonian A^ . The result 
in |18j shows that even nontrivial smooth compactly supported magnetic field can 
create resonances. 

To avoid possible eigenvalues or resonances of we impose the following as- 
sumption on the potential A. 

Assumption 1.1. There exists e > 0, such that we have 

(1.6) max yy 2 fe ( 1+ l^ ||£>£A,-(t,aO||i~z- , < e. 

feez|/9|<i 

Our main smoothing estimate is the following one. 

Theorem 1.1. There exists e > so that for any potential A(x) satisfying (11.6(1 
there exists C > 0, so that for any f e S(R n ) and any F(t, x) £ ^(R x (R™ \ 0)) 
the solution u(t, x) to 1(1.1(1 satisfies the estimate 

f (sup\\\x\- 1/2 u(t,-)\\^ /2 ) dt < C\\f\\ 2 L2 + 

JR \feGZ x / 

2 I dt, 



1/18 \fcez 



where H!j, = H s (M. n ) is the classical homogeneous Sobolev space and l^j^ 1 ^ 2 
|a;| ±1 ^ 2 Qfe(x) and the Paley - Littlewood partition of unity 

(1-8) l = yQ k (x), 
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is defined as follows 

'N 
2 fc 

where tp(s) G Cq°((1/2, 2)) is a non - negative function. 



Qk(x) = if 



The key point to derive this estimate is a suitable scale and time invariant 
smoothing estimate for the free Schrodinger equation 



(1.9) 



\d t u-iAu = F, t>0, 
\u{0,x) = f(x). 

To be more precise, we introduce the following norms motivated by the statement 
of the main result in Theorem ll.il Take 

Y = L 2 t (£l^ 2 H-^ 2 ), Y' = L?(C" 1/2 ^ 1/2 ), 
where the spaces £% ,a B for any Banach space B is introduced in Section [21 Note 
that Y is not reflexive ( (£' 1/2 )' = C~ 1/2 , but {C^ 1/2 )' ^ I 1 /' 2 ). 

Then the estimate of the previous theorem can be rewritten in the form 

(i-io) Ml><c\\f\\l* + \\F\\l, 

where here and below 

(1.11) Y = L 2 t {i 1 / /2 H- 1 ' 2 ), Y' = L 2 {£T~ 1/2 H 1/2 ). 

We shall call Y' smoothing space. 

Then the main point in the proof of Theorem ll.ll is to establish first the following 
energy smoothing estimate for the case ^4 = 0. 

Theorem 1.2. There exists C > 0, such that for any f G S(M. n ) and any F(t,x) £ 
C^°(K x (W 1 \ 0)) the solution u(t,x) to (jl.9|l satisfies the estimate 



(1.12) 



Hl?lI + \\u\\y> < C\\f\\ Ll + C LjBdn^ HFrlly + \\F 2 \\ L]L ,)j 



On the basis of the estimate in Theorem 11.21 we shall derive a slightly stronger 
estimate for the perturbed Schrodinger equation. 

Corollary 1.1. There exists e > so that for any potential A{x) satisfying 
there exists C > 0, so that for any f G S^IT) and any F(t, x) eC °°(Ix (R™ \ 0)) 
the solution u(t, x) to i|l.lf) satisfies the estimate 

(1.13) \\u\\ LrLl + \\u\\ Y , < C\\f\\ Ll + C ( min^ H^y + \\F 2 \\ LiL ^j . 

As an application we consider the following scmilinear Schrodinger equation 

[d t u~iA A u=\V(t,x)u\P, teR, xeW 1 
\u(0,x) = f(x), 

where p > 1 and V(t, x) is a measurable function satisfying the inequality 

(1.15) £ 2 ka \\V(t,x)\\ LrLT ^ 2k} <C< o. 

kez 

Then we have the following global existence result with initial data having small 
L 2 — norm only. 
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Theorem 1.3. Suppose the potential A(x) satisfies (|1.6(l . V obeys (|1.15|l with 
a G [1, 2) and 

(1-16) p=±±±. 

n + Za 

Then there exists S > 0, so that for any f G L 2 (K n ) 

\\fh*<6 

the problem l|1.14|l has a unique global solution 

u(t, x ) e c(i,L 2 (R re ))ny'. 

The proof of Theorem 11.21 is based on the estimate l|1.5[) due to Kenig, Ponce, 
Vega [23 , E3 • In order to have a self contained article we give an alternative proof 
of this result due to Kenig, Ponce, Vega in Sectional 

The key step to derive the estimate l|1.12H from the estimate (II. 5|) is the following 
equivalence norm result. 

Theorem 1.4. For n > 3, 1 < q < oo, for s G [—1, 1] and a G K that satisfy 

(i.i7) M + N<f, 



the following norms are equivalent 

[J22 qka \\Qk\D\ s f 



1 

L 2 

fcez 



(1-18) > 2m \D\ s Qkf\\h 



1/9 



1/9 



1/'/ 



Ell I^I s M£/IIl 2 ' 

where \x\% = \x\ a Qk{x) and the Paley - Littlewood partition of unity Qk{x) is defined 
in (11.8(1 . For q = oo the result is still valid with obvious modification in ((1.18J) • 

The main idea to establish the Theorem is similar to the approach developed in 
[TB] , an( i f° r the case of nonhomogencous Sobolev spaces and non homo- 
geneous weights. Therefore, we shall make a localization in coordinate space and 
we shall use the Paley Littlewood partition (|1.8|l . The key point in this approach 
is to evaluate the norm of the operator of type Qk\D\~ s Q m \D\ s with \k — m\ large 
enough. 

The proof of Theorem 11.21 can be obtained from the estimate for the Cauchy 
problem with initial data / = and the following Theorems (see section [S] for the 
definition of the spaces C^B for any Banach space B). 

Theorem 1.5. If q E [1,2] and a, s G K satisfy 

(i.i9) { ! sl < h 



s < - 

^ 2 



then 

(1.20) WfWm.-H* < c\\f\\ n ,a Am 
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Theorem 1.6. If q £ [2,oo] and a,s £ R satisfy Ijl.l9|l . t/ien 
(1.21) 11/11^ <C||/||^ rAs . 

The plan of the work is the following. The proof of the free smoothing estimate of 
Thcorcm ll.2l is given in Section|21 The proof of the main scale invariant smoothing 
estimate of Theorem II. II is done in Sectional In Section(Hjwe treat the commutator 
estimates needed in the proof the equivalence of the norms in Theorem II .41 Some 
convolution type inequalities needed in the proofs of Theorem 11.41 are included 
in Section |SJ The concluding steps in the proof of Theorem 11.41 are presented in 
Section [7| Finally the phase localization and the proofs of Theorems II .51 and 
are given in the last Section [H] The proof of the estimate due to Konig, Ponce, 
Vega is presented in Section |21 for self contained completeness. 

2. Weighted Sobolev spaces estimate of the free Schrodinger 

equation. 

Given any Banach space B C D'(M. n ) satisfying the property 
(2.1) for any Q(x) e C °°(IT), / £ B => Q(x)f £ B. 

we can define for any q £ [1, oo] and for any a £ M the space £%' a B as follows 

(2-2) \\f\\ eg ,« B = (j2\\Q*f\\ q B 2k9a ) > 

Vfcez / 

with obvious modification for q = oo. Note that for any / £ C^°(R™ \ {0}) we have 

ll/lb'"B < °°- 

So £%' a B can be defined as the closure of C^°(K™ \ {0}) with respect to the norm 
(|2.2|) . An alternative definition is based on the map 

(2.3) J : / £ C °°(R" \ {0}) CB^ J B (f) k = \\Q k f\\ B £ £^ a , 

where i q ' a is the space of all sequences a = (afc)fc 6 z such that 

1/9 

(2.4) 



\a\\^= fehkW^A <oc, 

VfcGZ / 



with obvious modification for q = oo. Then 

(2.5) \\f\\n"-B = \\JB(f)\\*..- 

The space (-% ,a B is independent of the concrete choice of Paley-Littlewood decom- 
position 

(2.6) ^Q J (.x) = l 
satisfying 

(2 7) |ftW>°. 

I suppQjix) £ {\x\~V>}. 
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A typical example, needed for the smoothing resolvent type estimates, is the case 
B = where s G (-1, 1), 1 < p < oo. For s > -2 we have J3£(Ifc n ) C D'(R n ) 
(see [TT]) and the norm is defined by 

(2-8) = IH^IVIk- 

After this preparation we can turn to the proof of Theorem 11.21 Starting with 
the estimate 1)1.5(1 . we use Lemma f8. 41 and find 

sup\\\x\~ 1/2 Vu\\ L 2 L 2 ~ sup |||x|fc 1/2 |D|u|| L 2 L 2 



so (II. 5f) can be rewritten as 
(2.9) 



sup|||a;|- 1/2 |£>| U || i?L 2 < C ( ^ 
fcez Vfcez 



Using the fact that \D\ S commutes with A one can obtain the following conse- 
quence of this estimate 



(2.10) 



SUpHHfe 172 !"! 1 - 

fcez 



\D?-°u\\ L * Ll < C ( £ \\K /2 \D\ a F\\ L * Li j 



for any a G [0, 1]. In particular for a = 1/2 we get 



(2.11) 



supHM,: 172 !!?! 1 / 2 !; 



Wz / 



To this end, we are in position to apply the result of Proposition l7. II and derive 
that 



(2.12) 



supllM/ 72 !^ 1 /^!!^ ~ || u | 



L?c- i/2 i?y 2 ' 



^v\\\x\k 1,2 \ D \ 1/2u \\L*Ll ~ sup|||a;| fc 1/2 it|| 2 ^-i/2. 

fcez fcez f x 

In a similar way Proposition l7. II implies 
(2.13) £||Ml/ 2 |Zr 1/2 ^llL?L|~ 



so 



fcez 

The estimate l|2.11|l reads as 
(2.14) 

or using the notations of this section (sec 1)1.11(1 and the definition 1)2. 5(1 1 as 



sup||M fc 1/2 u|| r 



^ ^ ( E 1 

\fc6Z 



\ x \1 /2f \\ l ?h- 1/2 



(2.15) 



e l(f - s)A f(s)(is 



It is easy to derive a similar estimate 



(2.16) 



J(t-s 



)A F(s)di 



<C\\F\\y. 



<C\\F\\ Y , 
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by the aid of Ij2.15|l and a duality argument for the quadratic form 
Q(F,G)= [ f (e^-^ A F( s ),G(t)) LHRn) dsdt. 

J Jt>s 



>t>s 

Further, we have to derive the estimate 

ft 



(2.17) 



i(t-«)A 



F(s)ds 



o 



<C\\F\\ 



For the purpose set u(t) = f Q e 1 ^ s ^ A F(s)ds. Then u = u(t, x) is a solution to 
(2.18) 



I d t u - iAu = F, t > 0, x e M", 
|u(0,a;) = 

Multiplying by u integration over {0 < t < T, x £ R™oo} we get 



\WT) 



\l 2 ( 



< 



(F(t),u(t)} L 2 (Rn) dt < \\F\\ y \\v\\y> 



Applying 1|2.15|) , we arrive at l|2.17[) . In a similar way we get 



(2.19) 



e i(.t->)±F(s)dt 



<C\\F\\ LlLl . 



Finally, it remains to prove 
(2.20) 



f\\ Y ,<C\\f\\ 



LI- 



Consider the operator L defined by 

L : f S Ll 



e ItA / 



Our goal is to show that L is bounded from L 2 X to L t 2 C'" 1/2 ''Hl /2 . But the conti- 
nuity of L from L 2 , to L 2 ^' 1 H^ 2 is follows from the continuity of its (formally) 
adjoint 



L*f 



„-irA 



f(r)dr, 



from y to which in turns follows from l|2.17[) and the fact that e ItA is unitary 
operator in L 2 . 

From (2H3}, iPTfjl . J2Hnil, ll^Hjl and standard energy estimate, we get (|T"T3|) 

and the proof of Thcorcm ll.2l is completed. 



3. Proof of Theorem 11.11 

In this section we will prove the Theorem ll.il so we shall prove the estimate <|1.7H , 
where u is the solution of the problem (|1.1|) . First of all we have the identities 

n 

A A u = ^2(d Xj - iAj)(d Xj - iAj)u 

3 = 1 

(3.1) = Au - 2iV • (Au) + Wu, 

where 

W(t,x) = \A{t,x)\ 2 -iV-A 
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satisfies 



due to (HU). 

So, after a substitution in the equation of I|1.1J) . we obtain 



(3.2) 



i<9 t u - Am = -2iV • (Am) + TUu + F iel, ac G K" 
u(0,a:) = /(x). 



First of all, we observe that the term Wu, thanks to the smallness assumption i|l.lfl . 
can be absorbed in the left side of the estimate (jl.7|) . This fact suggests to localize 
our attention to the reduced problem 



(3.3) 



d t u - iAu = -2iV • (Au) + F, teR, x G 
u(0,x) = f(x). 



So, using the norms in the spaces £P ,a B introduced in 112.211 we apply the estimate 
(|1.7|) and obtain 

(3.4) ||u|| i?fi ..-i/ aj ji/a < C\\V ■ (Au)\\ L2 ^ 1/2 ^- 1/2 + C\\F\\ L , d , 1/2 ^- 1/2 + C\\f\\ L 2. 

From the equivalent norm estimates in Proposition l7.il fsee the equivalence norms 
relations in (|2.12() . I|2.13|l also) we have 

(3.5) ||V ■ (Au) |L 2 ,i, 1 / 2 g-i/2 ~ ||AwL 2 ,i, 1/2*1/3. 
From Proposition 17. 21 we have 

||Aw|| L 2 £ l,l/2^1/2 < 11^-11^00 \\u\\ L 2 t ^,-l/2 L 2 n /(n-l) + 

+ W A \\Lrei- 1 L^\\ u \\ L ^T'- 1/2 H 1 J 2 - 
From the Sobolev embedding FlV 2 C L^™' ' n_1 , we obtain 



W\\ , 2/ oo,-l/2,2n/(n-l) < ||U 



1/2 t,l/2 , 



while the interpolation inequality of Proposition l7.3l guarantees that 



^11^.^/2 < II VA|| , 3/ 2 i2 „P|| 



so applying the Holder inequality 
we get 

due to assumption on A. The above observation implies 

\\Au\\ L 2 t l,l/2*l/2 < e\W\\ L 2f^. -1/2^1/2. 

Using again the estimates (|3.4|l . we obtain 
(3.6) B up|||x|fc 1/ V* J Oll^v»<C'||i?||^ I .i /aA -v 3 + C||/|U 2 

This concludes the proof of the theorem. 
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4. Application to the semilinear Schrodinger equation 
Turning to the semilinear Schrodinger equation 

(4.1) d t u - iA A u = \Vu\ p , 

we note that the class of potentials V = V(t,x), satisfying Q1.15[l . obeys certain 
rescaling property, thus one can compute the scaling critical regularity 

n 2 — ap 

s = 

2 p-l 

and one can expect a well poscdncss for initial data / G L 2 if 

n + 4 

P 



(4.2) 



n + 2a 

To verify this we shall construct a sequence Uk(t, x) of functions defined as follows: 
U-i(t, x) = 0, then we define the recurrence relation 

U k -> Uk+l{t,x) 

so that 

'd t u k+1 -iA A u k+1 =V(t,x)u k \u k \P- 1 1 tern, iel» 
^u fc+ i(0, x) = f(x). 

The estimate Ijl.!^ suggests to show the convergence of the sequence u k in the 
Banach space 

Z = LfL 2 x n Y' . 

The definition of the recurrence relation l|4.2(l shows that we have to show first the 
property: the map 

u e Z = LfLl n Y' -> V(t, x)u\u\ p - 1 g LjL* + Y 

is a well defined continuous operator provided V satisfies qi.l5jl . Our goal is to 
show 

\\u k+1 \\ LrL 2 + ||u fc+ i||^ < C\\f\\ L 2 + C (\\u k \\ LrL 2 + \\u k \\ Y ,) P 

or shortly 

(4-3) |K +1 || Z <C||/|U B + CK|||. 

To apply a contraction argument we need also the inequality 

(4.4) ||u fe+ i - u k \\z < C\\u k - u k +i\\z {\\u k \\z + Hufc-illzf" 1 • 

Combining (|4.3(l and Q4.4JI . taking ||/||l2 sufficiently small, we can show via con- 
traction argument that u k converges in Z to the unique solution of (|4.1|l with initial 
data u(0) = /. Since the proofs of (|4.3(1 and (|4.4|l arc similar, we treat l|4.3|l only. 
We need actually to verify 

(4.5) \\\Vun\ Y <C\\uf z 

To verify this inequality, we start with the definition of the space Y 

(4-6) \\g\\ Y ~ ^2™/ 2 |||i)|- 1 /V (— ) g\\ LlLl . 
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We apply this relation with g = combined with the Sobolev embedding 

H^ 2 (R n ) ^ L g (R n , with 

(4.7) l/g-l/2=l/(2n), 
and get 

(4.8) \\\Vun Y <E 2 " l/2 ll^(^r) 

We can apply now the interpolation inequality 



VU\\ L 1 V jJ>q 



(«) u\\ L ?Li« < c (uL^y (uhi^y 6 » 

where 6 £ (0,1) satisfy the relations 

1 l-6> 1 8 1-9 

(4-10) ^ = ^~> - = - + • 

2p 2 pq n r 2 

Hence p(l — 8) = 1. 

From flOjl and il4"§|) we get 

(4.11) \\\Vun\y < E^HVullf ^ 2 JI^Hf^ 2 „ 

m 

We choose rj G (1,2] so that 

so taking into account the assumption on V we see that 

all 

4.13 - = ---, 

n n 2 

while r2 £ (1,2] is chosen so that 

2 V(2P(1-*))|| FV ,|| <C2— am , 

i.e. 

11a— 1 1 la3 

^' ' V 2 ~2 + ~ 2np(l -8) ~ 2 + n ~ 2n' 

since p(l — 0) = 1. From l|4.10[) we find 

1 _ 1 a 3 
pq 2 n 2pn ' 
so this relation and (|4.7|) implies that 

n + 4 

p = • 

n + 2a 

From gTTJ, jUHl and (|4~T3|) we get 

From the Hardy inequality we have 

i-i. 



\x\- L u\\ L » Li <C\\u\\ Y ' 



so 



ni^nk^iHi^Niy 
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and this completes the proof of Ij4.5(l . 

This completes the proof of Theorem 1 1.31 

5. ESTIMATE OF THE OPERATOR Q k \D\~ s Q m \D\ s . 
Our goal is to compare the norms 



and 




(see ()2.2fl or Section|21for the definition of the spaces l q ^ a B 1 where B is any Banach 
space such that B C D'(W l ) ). The key point in the proof that these norms are 
equivalent is the following estimate of the operator 

(5.1) Q k \D\- s Q m \D\ s for |fc-m|>2. 

Lemma 5.1. For any seK, \s\ < 1, any p, 1 < p < n and any k,m £ Z, |fc— m| > 3 
we have the estimate 

(5.2) \\Qk\D\~ s Q m \D\ s f\\ LP < C 2^ m ^ \\f\\ LP , 
where C = C(s^p) independent of k,m £ Z ? and 



n n 

(5.3) t(k, m, s,p) = k- + to— - (n - (s V 0))(fc V m) - (s V 0))(fc A to), 

P P 

^7 = 1 — k Am = min(k, to), fc V m = max(k, to). 

Proof: We shall prove the Lemma for s £ C with Re s € [0, 1]. For the purpose 
consider the family of operators 

(5.4) T z =e z2 Q k \D\- z Q m \D\ z . 
If Re z = then z — icr, a £ R and 

(5.5) r ff =e- ff2 Q fe |£>|- iff Q m |D| iff . 

Applying stationary phase method (in this case simply integration by parts), we 
see that the operator Qk\D\~ ltT Q m has a kernel 

satisfying 

(5.6) \K k , mAx ,y)\<C^§^(l + a)^\ 
This estimate implies 

(5-7) \\Qk\D\-^Q m g\\ LP < C^—y\\g\\ LP . 
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Further we apply this inequality with g = \D\ l,T f and using the following one (see 
Theorem 1, Section 2.2 in [23) 

(5-8) \\\Drf\\ LP <C\\f\\ LV (l + a) n+1 , 



we get 



2 v 2 p 



\\T-(f)\\ L P < C^^e-° {l + af^\\f\\ LP < 



Vcr G K with Ci independent of k, m and er. If z = 1 + «cr, then 

(5.10) T 1+Jff = e 1 - ff2 + 2 ^Q fc | J D|- 1 --Q m V| J D| iCT ^r 

so it is sufficient to estimate the operator 

(5.11) S° = Q k \D\- l -™Q m V. 
Note that 

S° = Q fc (|^r 1 - iff V)Q m - QfclDl-^Q^, 
where Q' m = VQ m . The operator Qfc(|-D|~ 1 ~ Jcr V)Q m has kernel ifj, m satisfying 

(5-12) |^ m |<c g^^ (l + a)"+ 1 

and this estimate is verified in the same way as <|5.6[) . The operator Qk \D\~ 1 ~ za Q'm 
has kernel K[' m that satisfies the estimate 

From (|Q2l and (f^TT5f> together with (JOJ we find 



2 p 2 p 



I LP- 



( 5 - 14 ) ll Ti+ ' !ff (/)ll^< C 2(ll -i)( fc v m ) 2fc A ml 

Applying the complex interpolation argument of Stein (see [Hj]), we get (|5.2H for 
< s < 1. This complete the proof for s e (0, 1). 
Next we take z = — 1 + ia. Then 

(5.15) T 1+ ™ = e^-^QklDr^VQ^Dr 1 ^. 

Then we use the relation 



(5.16) 



Qk\Dr-^VQ m \D\- 1+l ° = Q k \Dr-^Q„MD\- 1+ ™ 



-Qk\Dr-^(VQ m )\D\~ 1+ ™. 



The kernel of Q k \D\ la ^(VQ m ) is K'£ m and satisfies 
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then we obtain 



(5.18) ||Q fc |^|-_(VQ m )|^r^.g|| LP < C 2B(fcVm)2m ||g|| £ .. 

Taking g = \D\~ 1 f : we get (Hardy-Sobolcv) 

nicrviu^ii/iu-, --- = -. 

p r n 

From the fact that i = - — — we have 1 — i = ^7 = 1 — - + — = + — wc arrive 

r p n r r' p n p' n 

at 

V 2 k p2 m f 
(5-19) ||g fe | C |-_(VQ m )|C|- 1 +-/|| L!) < C 2 „ (fcVm) 

provided p < n. Since 

y cyk—nm^T 

(5.20) ||Q fe |£>|- g m V|^r 1+ -|| iP < C 2 „ (fcVw) ||/|U„ 



from H5.1(j|) and l|5.19|l we get 



2 fe p2'' 



LP- 



( 5 - 21 ) ll Tl+8CT (/)ll^< c ^^ll/ 

The application of the Stein interpolation argument for z; Re z € [—1,0] combined 
with the above estimate and l|5.9[) guarantees that (|5.2|l is fulfilled for s 6 (—1,0] 
and this complete the proof of the Lemma. □ 
It is not difficult to extend the result of Lemma f5. II for \k — m\ < 3. Note that 
a formal calculus of t(k,m, s,p) for \k — m\ < 3 in l|5.3[) gives 2*( fe ' m ' s,p ) ~ 1. To 
verify 

(5.22) \\Qk\D\- s Q m \D\ s f\\ LP <C\\f\\ LP , 

for \s\ < 1,1 < p < n, it is sufficient to use a scale argument and to show <|5.22[l for 
k = Tfi = so we shall verify the inequality 

(5.23) ||<3o|-D|- s <9o|-D| s /IIlp < C||/|| L ,. 

Here we can use an interpolation argument as in the proof of Lemma l5.il Then we 
have to show that L a = Qo\D\- 1+ta Q V is L p -boundcd. But 

(5.24) L a = Q (|^r 1+iCT V)g + Qol-Dr |D| _1 (VQ ). 

Since |D| _1 V is operator of order it is L p -bounded and |D| lcr is also L p -bounded, 
we see that Qo(\D\~ 1+lcr \7)Qo is L p -bounded. From he property 

(5.25) l^r 1 : U -> L p , - = ---. 

r p n 

and 

(5.26) VQ : V -> U , 

we see that |.D| _1 (V<2o) : L p — > L p so L„ is L p -bounded. This observation and 
a Stein interpolation argument implies H5.22J) for s 6 (0,1). To cover the case 
s G (—1,0) we have to show that 

(5.27) L' a = Qo\Dr^-VQ \D\- 1+ta , is ^-bounded 
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But 

(5.28) L'„ = QolDr^WQom-^Dr + QoP| iCT p VQ p \D\^, 

and again we can show that l|5.25[l and (|5.26|) imply that the operator in the right 
side of the (|5.28|) is L p -bounded ( with norm < C(l + a) n+1 ). Since the second 
operator is also LP -bounded, we see that L' a is also LP -bounded and this argument 
implies 

Lemma 5.2. For any s £ K, |s| < 1 any p,l < p < n there exists a constant 
C = C(s,p, n) > so that for any fc,m£Z, and for f £ S(M n ) we have 

(5.29) \\Qk\D\- s Q m \D\ s f\\ LP < C 2« k > m > s ^ \\f\\ LP , 
where t(k,m, s,p) is defined in (|5.3(1 . 

Finally we use a duality argument and find : 

Lemma 5.3. For any set such that \s\ < 1 we have for any p, (— < p < n) 

there exists a constant C = C(s,p, n) > so that for f £ S^IR") we have 

(5.30) \\Q k \D\- s Q m \D\ s f\\ LP < C 2 ^ m ^ \\f\\ LP , 
where t{k,m, s,p) is defined in (|5.3|) . 

Proof: For any/, g £ S(M. n ) we have 

\(g,\D\- s Q k \D\ s Q m f)\ = \(Q m \D\- s Q k \D\ s gJ)\ 

(5.31) < \\f\\L4\Dr s Qk\D\ s Q m g\\ LP > 
Applying for p' the estimate of (|5.2|) . we find 

(5.32) \\\D\- s Q k \D\ s Q m g\\ LP , < 2 t ('»- fe ^') \\g\\ LP , 
where 

71 71 

t(m, k, s,p') — k — h m (n — (s V 0))(fc V m) — (s V 0))(A: A m) = i(fc, to, s,p). 

This complete the proof. □ 

6. Discrete Estimates. 

Consider the operator 

(6.1) T : a = {a fe } fceZ — > Ta = 6 m , = t k , m a k , 

ke{\k~m\>i} 

where 

(6.2) ^,m = 2 mA 2" fe 2- /3(mVfe ', m, V k = togx(to, /c), 

(6.3) A>0,m>0, /3 = A + Ai- 
Lemma 6.1. If A, /i > 0, and /3 = A + fi, then the operator 

T : t q -> ^ 

is bounded for any q £ [1, oo]. 
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Proof: First we consider the cases q = oo and q = 1, then we apply the 
interpolation argument. We represent Ta as 

(6.4) Ta = T x a + T 2 a, 
where 

oo 

(6.5) {Tia) m = ^ tk,m.ak, 

k—m-\-l 



(6.6) {T 2 a) m = y^fc, w afc. 

— OO 

From (E3 we find for T x a 

||7ia||oo < Csup me z tk, m J llajloo < 



Kk—m+1 



(6.7) 



< Csu Pme z 2 mX 2 k »2- 0m ||a|| c 

\k=m+l ) 

so 

(6.8) HTialloo < fflMloo. 

From (|6.2(l . for we have the following estimate 



a 



||r 2 a||oo < Csu PmeZ ( J2 2 mX 2^ k 2~^ 
(6.9) 

= C7 SM p meZ ( J2 2 mX 2- xk ) Halloo = Cllolloo, 



Vfc— — oo 



This estimate and (|6.8|) imply 

(6.10) HToHoo < CllolU. 
For o = l we have 

||Tia||i < Csup k& Yl *M» \\a\\i < 

\{meZ;m>i:) J 

(6.11) < supkez f Y 2 mX 2 k n-P m j ||o||i = 

\rn—k / 

= Csu PkeZ 2 k » ( £ 2- ro " ] Hall! < 2C||a||i. 



\rn—k 
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In a similar way we estimate Tia, 

||T 3 o||i < Csup ke z ( 2 mX 2 k ^2-P k ) ||a||i 



(6.12) 



fc-i 



Thus we get 

(6.13) ll^allx < C||a|| l5 

and this completes the proof of the Lemma. □ 
It easy to obtain the corresponding weighted version of Lemma 16.11 in terms of 
weighted l q spaces 

(6.14) £"' a = {a=(a) ker ,Y,2 kqa \a k \ q < oo}. 

k 

For the purpose consider the operator 

J a :a->b = J a a, 

defined as follows 

(6.15) b k = 2 ka a k , 
we have the two following Lemmas 

Lemma 6.2. The application J a : l q — > £ q,a is an isomorphism for any a £ R and 
any q G [1, oo] . 

Lemma 6.3. // a, is, A, \x are real numbers such that 

' A + a > 0, 
fj, — v>0, 

then for (3 = A + a + /! — v we have 

X ■ l q > a — > g?> v 
where T is defined by 16.1fl and l|6.2|l . 
Proof: Let 

f : J a TJ-\ 

Then kmma lo~2l guarantees that T : l q ' a -> t q ' v if and only if f : l q -> i q . Note 
that T by 

(6 17) t m k = 2"^ A+CT ^2 fe ^ _I/ - l 2 _/3< -™ lVfc ' 1 

So applying Lemma 16 . II with A = A + a and ju = [i — v, wc complete the proof. 

A slight generalization of Lemma 16. II can be obtained for the case when X, jj,, /3 
are vectors in IR 2 , that is 

' A = (A!,A 2 ) 

M = (Ml,M2) 

[ /3=(A,/3 2 ). 



(6.16) 
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Then (E3J 

,g lg x I Ta = 6, where 6 m = Sfcgz 2 ^mk a ki m £ Z 2 

\ a = ( a )fcez 2 > 

where 

(6.19) t m fc — 2^? =1 m i A 3+ fc jMj-ft ("ijV*; J )^ 

The assumption i|6.2|) can be replaced again by the following one 

(6.20) \ 3 > 0,fj,j > 0, i = 1,2, 

Lemma 6.4. If X,/j,,/3 E R 2 satisfy [3j = Xj + = 1,2 cmd (|6.17|) i/ien 
(6-21) T:£l£ll^£fJH, 
is bounded for q = (qi, (72), 1 < q_j < 00. 

Remark 6.1. Given any sequence a = {a/dfelfcfci^ez we can consider the norm 

(6.22) Nkic 2 = EE k^i 92 

1 2 \fc l( EZ \fc 2 ez / J 

( with obvious modification if q\ — 00 or 52 = 00 ), and the corresponding Banach 
space £ q k \£l 2 2 . Note that 

if£f^if£f, 

fci fc 2 ' fc 2 fci ' 

but the assertion of Lemma 16.41 is still true if we replace if^if? by i^J^ ■ The 
corresponding generalization of Lemma 16.31 is the following, 

Lemma 6.5. // ct, v,X,(j,E R 2 satisfy 

I Aj + <tj > 0, 
1 Mi - > 0, 



(6.23) 



then for [3j = Xj + Oj + fij = 1,2 the operator T defined by (|6.15|l and (|6.16|) 

7. Space localization. 
Given any Banach space B C £>'(R") satisfying the property 
(7.1) for any Q(x) E C °°(R"), f E B ^> Q(x)f E B, 

we can define for any pe [1, 00] and for any a E R the space £%' a B as follows 

(7.2) 



, B = (^ kqa WQkfWl) , 

Vfcez / 



with obvious modification for q = 00. Note that for any / E C^°(R™ \ {0}) we have 

\\f\\eg- a B < 00 ■ 

So £^ ,a i? can be defined as the closure of C^°(R™ \ {0}) with respect to the norm 
(|7.2() . An alternative definition is based on the map 

(7.3) J:fE C7 °°(R" \ {0}) C B J B {f) k = \\Q k f\\ B E P' a , 
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where £ q ' a is the space of all sequences a = (ak)k£Z such that 
(7-4) H^ = (j>^2^ , 

with obvious modification for p = oo. Then 

(7.5) \\fh.»B = \\Mf)\\l<><- 

The space l q,a B is independent of the concrete choice of Paley-Littlcwood decom- 
position 

(7.6) ^Q i (x)=l 
satisfying 



(7-7) 



Qj(x)>o, 

supp Qj(x) e {\x\ ~ 2 J }. 



A typical example is the case B = H^, where s G (— 1, 1), 1 < p < oo. For s > — — 
we have Hp(W l ) C D' (see and the norm is defined by 

(7.8) \\fU } = |||r>|7IU*. 

Our next goal is to show the equivalence of the norms 

ii \Drf\\^ LP = (^ k n\Qk\D\- s f\\t P ) 

Vfcez / 

and 

ii/ii«-^ = (E^iii^I'WIIL) 

\k£Z ) 

The proof of the equivalence norm Theorem 11.41 is a direct consequence (taking 
p = 2) of the following estimates. 

Proposition 7.1. For p e (n/ (n — l),n),qE [1, oo], for s <G [—1,1] and ael that 
satisfy 

/ TL 71 

(7.9) |a| + |s| < min -, — 

\P P , 

one can find a constant C = C(n, s,p, q, a) > so that 

(7.10) C- 1 !! |X>|-/||i S -i» < \\fhl>"H» < c\\ \D\-°f\\z rLP . 

p 

Proof: The left inequality in (|7.10|) is equivalent to 

1/9 / \ 1/9 



9 



(7.11) ( / ^2^||Q fe |^rV|II P ) <cf^2 fe 5 a |||Z»|-WI 
VfceZ / Vfcez 

Indeed, given any integers i,ra£Z with |fc — m\ > 2 we have the identity 

(7.12) Qk\D\- s Q m f = Q k \D\- s Q m \D\ s \D\- s Q m f, 
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LP 



where Q m = + Qm + Qm+i) is another Paley-Littlewood partition of unity 

ra£Z 

such that Q m (s) = 1 for s £ supp Q m . To verify (|7.11|) it is sufficient to show that 

(7-13) (^ kqa \\Qk\D\- s f\\ q LP ) <C^2"^|||^r s Q m /IIL) • 

From the estimate of Lemma 15. II we have 
(7.14) \\Qk\D\' s Q m \D\ s f\\ LP < C 2 l ^ m ^ ||/|| iP , 

where t(k, m, s,p) is defined in 15.31 Applying the above estimate with 

g = \D\~ s Q m f 

together with Lemma \(5. 31 we complete the proof of l|7.13|l . 
To verify the right inequality in (|7.11|) it sufficient to show 

(\ 1/9 / \ 1/9 

^ kqa \\\D\- s Q k f\\ q LP ) <C lj2l kqa \\Qk\D\- s f\\ 

To this end we use the relation 

\D\- s Q k f = \D\- s Q k \D\ s \D\- s f = 

= ]T \D\- s Q k \D\ s Q m Q m \D\~ s . 

From Lcmma l5.3l we have 

(7.16) \\Qk\D\- s Q m \D\ s f\\ LP < C2^ m ^ \\f\\ LP , 

where t(k,m, s,p) is defined in 15.31 so applying Lemma |6. 31 we obtain H7.15JI and 
complete the proof of the Proposition. 

□ 

Proposition 7.2. For p £ (n/ (n — l),n),q £ [1, oo], for s £ [0, 1] and a > that 
satisfy (EJ one can find a constant C = C(n, s,p, q, a) > so that 

(7-17) \\fg\\^Hs < C (||/||^i.»iffsJ|s|j^2-2 iP2 + \\f\\ e i3<°3 LP3 \\9\\ei*' a 4.H}J > 

provided m, a 2 , a 3 , 04 > and 1 < Pi,P2,P3,Pa, 9i, 92, 93, 94 < 00 satisfy 

1111111111 

«i + «2 = a 3 + 04 = a, - = 1 = 1 , - = 1 = 1 . 

P Pi P2 P3 PA 9 9l 92 93 94 

Proof: The proof uses the previous Proposition and the standard multiplicative 
Sobolcv inequality 

so we omit the details. 

□ 

Using the interpolation property 

(H£,H£) e = H s p , s = (1 - 6)8! + 9s 2 , - = — - + -, 

P P P P Pi P2 

we arrive at 
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Proposition 7.3. For p E (n/ (n — l),n),q E [1, oo], for s E (0, 1) and a > that 
satisfy (|7.9|) one can find a constant C = C(n, s,p,q,a) > so that 

(7-18) WfWei-H- <c(\\f\\zi*i A iy~\\\f\\#* Ln ) e , 

provided ai,a% > and 1 < pi,P2, qi, Q2 < oo satisfy 

„ 1 1-0 91 1-6 9 

a = ai(l - 6) + a 2 0,s = 1 - 9, - = 1 , - = 1 . 

V Pi P2 q qi qi 

Remark 7.1. Note that, using the norms introduced in l|7.2[l . we the estimate (|1.12|) 
can be written as 

(7.19) \\u\\ Ll ^ /2kl/ , < C\\f\\ L 2 + C\\F\\ L , ei , 1/2 ^- 1/2 . 

8. Phase localization 
Given any Banach space B C D'(M. n ) satisfying the property 
(8.1) for any P(£) G C °°(R"), / G B =>• P(D)f G B, 

we can define for any r E [1, oo] and for any s£l the space f^B as follows 

l/r 

(8.2) 



Vfcez j 



with obvious modification for r = oo. Here {Pfc(£)} is a Paley-Littlewood decom- 
position. 

Our goal is to find some concrete examples of Banach spaces B satisfying the 
embedding 

(8.3) B C fj?B. 

Therefore we look for estimate of type 

(8-4) \\Pk(D)f\\ r B ) < C\\f\\ B . 

\fcez / 

A typical example for Banach space B satisfying (|8.4J) is B — IP with 1 < p < 2, 

so 

(8-5) (j2 \\Pk(D)f\\h) <C\\f\\ LP , Kp<2. 

Having in mind that spaces £^,' a Hp are natural candidate for estimate of type 18.411 . 
we shall verify that the conditions 



(8.6) 



l < q < 2, p = 2 



\a\ + \s\ < f, 



imply 1)8.4(1 . More precisely we have 
Lemma 8.1. If q E [1,2] and a, s G K satisfy 



(8.7) 



H<i, 
H + H<5. 
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then 

(8.8) H/II^O^.a^ < C\\f\\ t i,a ks . 

Proof: For any / £ S(M. n ) we have ( for any r,q € (1, oo)) 

1/2 

(8.9) 



WfWt^H, = f E (E 2 kiqa \\\D\ s Q kl P k2 (D)f\\ q L2 ) ) 

- f E (e^ii^^i^^/ihO 



^ ||||Q fcl i^ a (r>)/IU a ||/?.'«.-. 



where here and below we use the discrete norm in l^l^ s introduced in (|6.22(l . In 
the second equivalence relation we have used Proposition l7.il Further we have 

(8.10) Q kl P k2 (D)f= E E Qk,Pk 2 (D)Q mi P m2 (D)P m2 (D)Q m J. 

mi GZ 7712 £Z 

It is not difficult, using again integration by parts argument, to see that for 
\ki — mi| > 3 we have 

o(fci+7ni)7i/2 

(8.11) \\Q kl P k2 {D)Q mi g\\Li < C 2(fciVroi)w Hfl|U» 



so 

o(fcl+77il)7l/2 

(8.12) ||Q fcl P fc2 (£»)Q mi Pm 2 (£>)/IU= < C 2(fciVmi)n ll/H^. 

In a similar way, using the same integration by parts argument, we find for \k% — 
m 2 \ > 3 

9(^2+7712)71/2 

(8.13) \\P k2 {D)Q mi P m2 {D)g\\ L , < C 2(fcaVm2)n \\g\\v, 
so 

9(fe2 + 7772)n/2 

(8.14) \\Q kl P k2 (D)Q mi P m2 (D)f\\ L 2 <C 2(fcaVma)n 
An interpolation between ()8.12() and Ij8.14|l gives 

(8.15) ||Q fel i 5 ft2 (£')Q mi P m2 ( J D)/|| i 2 < Ctgj/|U a . 

where = (Ax, £2) G Z 2 , to = (m 1; m 2 ) G Z 2 , 6* G [0, 1] will be chosen later on and 



(8.16) t 
If a, s G R satisfy 



2(fci+mi)0n/2 2(fc2+m 2 )(l-0)n/2 

fc,777 ~~ 2( fe l V ™l) e " 2( fc2VTn2 )( 1 ~ 6 ') rl 



(8.17) H + W<|, 

then we can choose 8 G [0,1] so that 

/ M < f(i-0), 



(8.18) 



|s| < f f 
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Using the argument of the proof of LemmaE2l we see that (|8.14(l is fulfilled without 
the restrictions |fci — m\\ > 3, |&2 — mi\ > 3. Applying Lemma 1(151 we get 

(8.19) \\QhMP)f\iAe>*e* < c\\\\P m2 (D)Q mi f\\ L 4 e2 ,s eq , a . 

k% fcl m 2 m l 

For 1 < q < 2, we have the inequality 

llll^ m2 (£)WIMIe 2 ^ ^ \\\\P™ 2 ( D )Q™Jh4t^tX 

and from relation 

\\\\P m2 (D)9h4^ 2 = \\9\\Hs 

we get 

r \\\\Q kl p k2 (D)f\\ L 4 el , :eqk * < 

( 8 - 2 °) | <C||fc(^)Qmi/IU»i/gi ; 4fe; " 

This inequalities and 1)8.9(1 imply 

(8.21) ll/ll^-H. <C||/|| lS .-j.. 

This completes the proof. □ 
Further, we obtain in a similar way the following. 

Lemma 8.2. If q € [2, oo] and a, s € R satisfy 

f 1*1 < 1, 



.22) 



N + M < f 



i/ien 

(8.23) ll/114-j. < 

In a similar way we can verify the following. 
Lemma 8.3. If q 6 [1, 2] and a, s £ R satisfy 

f H<i, 



.24) 



|o| + |a| < f 



and R is a pseudo differential operator with convolution type symbol homogeneous 
of degree 0, i/ien 

(8.25) P/ll/r^ < c||/|| ;r ^ 

By using a duality argument one can relax the assumptions on q and obtain the 
following. 

Lemma 8.4. If q £ [1, 00] and a, s G R satisfy 

f 1*1 < 1, 



.26) 



and i? is a pseudo differential operator with convolution type symbol homogeneous 
of degree 0, then 

(8-27) IWII^h- < C||/|U-^. 
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9. Appendix: The Kenig, Ponce, Vega estimate ljl.5jl for the free 

SCHRODINGER EQUATION. 

In this section we shall recall the basic scale invariant smoothing estimate due 
to Kenig, Ponce, Vega. 

One possible proof of the Kenig, Ponce, Vega estimate (|1 .f>|) is based on the fol- 
lowing lemmas: 



Lemma 9.1. For any u £ we have 

(9.1) 



\u( Xl ,x')\\ LliLli <C[Y1 



\^\l /2 u(x)\\ L 2 



where x = [xx,x') with x\ £ R and x 1 £ 



Proof. We can consider the case of n = 1 , since a similar argument works for n > 1 . 
Let u £ we have 



(9.2) 



\\u(x)\\ L i<C 



L- 



From the Cauchy-Schwartz inequality and the fact that for the functions Qk (x) we 
have supp s Qk(x) £ {2 fe_1 < |x| < 2 fc+1 }, we obtain 



(9.3) 



^2Q k (x)u(x) 



< 



L' 2 



c (j2\\\x\1 /2 u^)\\lA 

\fcez / 



(9.4) 



\\u(x)\\ Ll <c[J2\\\^l /2 u(x)\\ L 



Similarly, we have 
Lemma 9.2. For any u £ S(W n ) and any V £ M. n we have 

(9.5) S up\\\x\^ /2 u(x)\\ L ,<C\\u(x u x')\\ LrL 2 
feez " 1 x 

where x = (xi,x') with X\ £ M and x' £ R 11-1 . 

The key point in the proof of (|1.5J) is to establish the estimate 

(9.6) WdM^x^x')^^ <C\\F{t,x u x')\\ LliL , xi . 

We shall show now that this estimate completes the proof of (|1.5|) . 



From H9.6|t . (|fj . 1|> and (|Q . B|) we get 

(9.7) sup|||x|- 1/2 a lU (i,x)|| i?L , <c(]T 



\x\l /2 F(t,x)\\ L?Ll 



□ 



Using the fact that the Schrodingcr equation in l|1.9fl and the norm in the right side 
of (|9.7(l arc invariant under the action of the group of rotations S'O(n), we obtain 



(9.8) sup\\\x\- 1/2 dMt,x)\\ L 2 



< 



he 



\fcez 



\\\x\TF{t,x)\\ LlLl I , Vj = !,••■ , 5 
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To prove 1)9. 6|1 we need of the following two lemmas. 

Lemma 9.3. There exists a constant C > so that for all A £ C and all v £ 

we have 



(9.9) 



\\v(x)\ 



< C 



— - A ) v(x) 



L 1 



Proof. Suppose that ReX < 0. Let w(x) = (d/dx — X)v(x) £ 



Then 



v(x) 



,X(x-y) 



w{y)dy. 



(9.10) 
Thus 

(9.11) Mx)\\ L ~ <C\\w(x)\\ L1 . 

The estimate 1)9. 9|l follows for ReX < 0. A similar argument works for ReX > 0. 
In fact, we have w(x) = (d/dx — X)v(x) so 

/>OC 

(9.12) v(x) = / e x ^-y^w(y)dy. 

J X 

and we obtain, as in the previous case, 

(9.13) \\v{x)\\ L ~ <C\\w{x)\\ Ll . 



□ 



The estimate (|9.6H follows from the following. 

Lemma 9.4. For n > 1 there exists a constant C > so that for all X £ C and all 
v £ S(R n ) we have 

(9.14) \\d 1 v(xi,x')\\ L ^ L 2 i <C||(-A- A) a/)|| Ll L , 

where x = (x\, x') and x' = (x2, • • • , x n ) £ R" -1 . 

Proof. Consider first the case n = 1. Let be A = — /i 2 . Then by lemma l!J"3l 



—v(x) 
dx 



L x 



(9.15) 



1 

< - 
~ 2 



C 



— +n ) v(x) 



< 



Li 



Consider now the case n > 1. Given any w £ 5(M") we denote by 

v(x!,k'), k' = (fc 2 ,...,fc„) 
its partial Fourier transform with respect to x', i.e. 

(9.16) v(x u k') = (27r)- (n " 1) J e' tk ' x 'v{x u x')dx'. 

Using the one-dimensional result i)9.15)l . for each fixed k', we obtain 



(9.17) \div(x u k')r <C j \(-di + \k'Y -X)v\ dxL 

Integrating with respect k' and using the Plancherel identity, we derive 

(9.18) \\d 1 v{x u x')\\ LaaL 2 i <C\\(-A-X)v( Xl ,x')\\ Ll L2 . 
This completes the proof. 



□ 
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In fact the basic idea of the proof of l|9.6(l is to compute the Fourier transform 
with respect the temporal variable of the equation l|1.9|) and obtain 

(9.19) -iAu(X, x) - iXu(X, x) = F(X, x). 

Now if we split x = (x\,x') elx R™ -1 and indicate with v\(xi,x') = u(X,x), we 
can apply the Lemma 19 . 41 and have 

(9.20) HdiUAKzOlU^ <C\\(-A-X)v x (x 1 ,x')\\ Ll L2 . 
This estimate with the equation l|9.19(l give the following other one 

\\d 1 u(X,x 1 ,x')\\ LaaL 2 i < C\\(-A-X)u(X,x u x')\\ Ll L2 < 

x l x' xi x i 

(9.21) 



< 



F(X,xi,x') 



Ll.L 2 , 



The application of Planchcrcl's theorem in the temporal variable gives the estimate 
(|9.6(l and this completes the proof of (jl.5(l . 
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